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Sound waves

Compression Dilatation

The sound wave in a fluid is associated with compression and dilatation 
of the fluid. Those compression and dilatation are associated with 
variation in pressure (and in temperature).
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Sound waves

time (s)

pressure (Pa)

period

T =
1

f

' 105Pa

patm

SPL = 20 log10

✓
p

pref

◆

pref = 2.10�5Pa

pacou < 200 Pa

200 Pa 7! 140 dB SPL

The pressure is measured by microphones

Ø Threshold of Pain
~ 130 dB SPL
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Sound waves
Equal-loudness contours for the 
human ear,

Links with psychoacoustics
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Sound waves

All pressure fluctuations 
are not sound

Uc

t

p

p 7

7

p 8

8



5

Waves motion

Light, electomagnetic waves Water waves

Quantum waves “La Ola” or “Mexican wave”
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Waves motion

Propagation

Transverse
Wave

Longitudinal 
Wave
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Waves motion

Diffraction,
Interferences, ..
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Waves motion

t t+�t

x

a(x, t)

c0�t
�a

�a

�x
= � �a

�(c0t)
= � 1

c0

�a

�t

a(x, t) = a(x� c0t)
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Waves motion

tt+�t

x

c0�t

b(x, t)

�b

�b

�x
=

�b

�(c0t)
=

1

c0

�b

�t

b(x, t) = b(x+ c0t)
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Waves motion

�2b

�x2
=

�

�x

✓
�b

�(c0t)

◆
=

1

c20

�2b

�t2

�2a

�x2
=

�

�x

✓
� �a

�(c0t)

◆
=

1

c20

�2a

�t2

1-D Wave equation �2p

�x2
=

1

c20

�2p

�t2

p 14

14



8

Waves motion

1-D Wave equation

�2p

�x2
� 1

c20

�2p

�t2
= 0 p(x, t) = a(x� c0t) + b(x+ c0t)

t

x
x� c0t = constant

x+ c0t = constantInitial condition

Boundary condition
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• mass conservation

where

convective (or total) derivative

Joseph-Louis 
Lagrange
1736-1813

Leonhard Euler
1707 - 1783

All variable are in Eulerian description:

�u = �u(�x, t) fixed point

The other possibility is the Lagrangian description
where a particle is following in its motion
(leads to Galbrun equation).

General equations

1

�

D�

Dt
+ ⇥r.⇥u = 0

D

Dt
=

�

�t
+ ⇥u.⇥r

⇥�

⇥t
+ ⇤r.(�⇤u) = 0
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• Momentum conservation law

⇤⇤⇥ = �

✓
⇤⇤r⇤u+ (

⇤⇤r⇤u)T
◆
� 2

3
�
⇣
⇤r.⇤u

⌘
⇤⇤I

Surface forces Volume forces
Mass

Acceleration

Dynamic viscosity

Viscous stress

When viscous effects are neglected, 
leads to Euler equation:

�
D⇥u

Dt
= �⇥rp

General equations

Leonhard 
Euler 

(1707-1783)

�
D⇤u

Dt
= �⇤rp+ ⇤r⇤⇤⇥ + ⇤f
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• Energy conservation law

• Constitutive equation

⇥q = �⇥rTentropy heat flux

Dp

Dt
=

✓
⇥p

⇥�

◆

s

D�

Dt
+

✓
⇥p

⇥s

◆

�

Ds

Dt

Where is the isentropic speed of soundc0

General equations

�T
Ds

Dt
= �⇤r⇤q � ⇤⇤⇥ : ⇤u

c20 =

✓
⇥p

⇥�

◆

s
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• For a perfect fluid :

Mass conservation

Euler’s equation

Isentropic flow

Set of 
non linear 
equations

D�

Dt
= ��⇥r.⇥u

�
D⇥u

Dt
= �⇥rp

D�

Dt
=

1

c20

Dp

Dt

U
nk

no
w

ns

�
D⇥u

Dt
= �⇥rp

1

c20

Dp

Dt
= ��⇥r.⇥u

No viscous effects
No heat flux
⇒ Isentropic flow

⇥u

p

�

General equations
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• Linearization

SPL p’ (Pa) v’ (m/s) δ’ (m) ρ’ (kg/m3)
140 dB 200 0.5 8.10-5 2.10-3

0 dB 2.10-5 5.10-8 1.10-11 2.10-10

In air at normal condition p0 = 1.105 Pa and ρ0 = 1.3 kg/m3

for f = 1 kHz, the acoustical perturbation is of the order:

� << 1where⇥u = ⇥u0 + �⇥u0 p = p0 + �p0 ⇢ = ⇢0 + "⇢0

Mean flow:
Time independent 
(more complex when
turbulence is taken 
into account)

Perturbations:
Perturbations are not necessarily “acoustics”.
It could also be “hydrodynamics” or “entropy” waves 

General equations

p 21
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• quiescent (               ) inviscid and non-conducting fluidu0 = 0

General equations

Wave equation

⇥�0

⇥t
= ��0⇤r.⇤u0

�0
⇥ ⇤u0

⇥t
= �⇤rp0

p0 = c20�
0

⇥

⇥t


1

c20

⇥p0

⇥t
= ��0⇤r.⇤u0

�

⇤r
"

�0
⇥ ⇤u0

⇥t
= �⇤rp0

#

1

c20

�2p0

�t2
��p0 = 0
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• Equation in 1D

Some general solutions

�2p

�x2
� 1

c20

�2p

�t2
= 0

+ propagation along x

x

y

z

c0 c0Planes 
waves

p(x, t) = p+(t� x

c0
) + p�(t+

x

c0
)

1

c20

�2p0

�t2
��p0 = 0

p 24

24



13

• Equation in 1D
Velocity

Some general solutions

�u = u(x, t)�u
1

c20

⇥p

⇥t
= ��0

⇥u

⇥x

T = t� x

c0

u(x, t) = u+(t� x

c0
) = u+(T )

p(x, t) = p+(t� x

c0
) = p+(T )

�p

�t
=

dp+

dT

�T

�t
=

dp+

dT

�u

�x
=

du+

dT

�T

�x
= � 1

c0

du+

dT

du+

dT
=

1

�0c0

dp+

dT

u+ =
p+

�0c0

where

Emission time

p 25
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• Equation in 1D

Some general solutions

u+ =
p+

�0c0

u� = � p�

�0c0
On the 
same way

p = p+ + p� u =
1

�0c0
(p+ � p�)

p 26
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• Spherical waves

Some general solutions

x

y

z

✓

�

r

General expression of the operators in spherical coordinates

�f =
1

r2
⇤

⇤r

✓
r2

⇤f

⇤r

◆
+

1

r2sin(�)

⇤

⇤�

✓
sin(�)

⇤f

⇤�

◆
+

1

r2sin(�)

⇤2f

⇤⇥2

⌅r.⌅F =
1

r2
⇤

⇤r

�
r2Fr

�
+

1

rsin(�)

⇤

⇤�
(sin(�)F�) +

1

rsin(�)

⇤F⇥

⇤⇥

⌅rf =
⇤f

⇤r
⌅er +

1

r

⇤f

⇤�
⌅e� +

1

rsin(�)

⇤f

⇤⇥
⌅e⇥

�er

�e✓

�e�

�F = Fr�er + F��e� + F⇥�e⇥

M

O

p 27
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• Spherical waves

Some general solutions

If the pressure only depends on the distance    to the centrer O

1

c20

�2p

�t2
� 1

r2
�

�r

✓
r2

�p

�r

◆
= 0

1

c20

�2p

�t2
��p = 0

using

leads to 1

c20

�2(rp)

�t2
� �2(rp)

�r2
= 0

p 28
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r

�

�r

✓
r2

�p

�r

◆
= 2

�p

�r
+ r

�2p

�r2
=

�2(rp)

�r2

28
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• Spherical waves

Some general solutions

1

c20

�2(rp)

�t2
� �2(rp)

�r2
= 0

Wave equation for rp

Outgoing 
waves

Incoming 
waves

O

r

rp = a(t� r

c0
) + b(t+

r

c0
)

p 29
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• Spherical waves in free field 

Some general solutions

No waves are incoming from infinity 

By assuming an harmonic motion :
a(T ) = A0 cos(�T )

rp = a(t� r

c0
) = a(T )

b(t+
r

c0
) = 0

p =
A0

r
cos(�t� k0r) k0 =

�

c0
where

Wave number

Sommerfeld
radiation 
condition

p 30
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• Spherical waves in free field 

Some general solutions

p =
A0

r
cos(�t� k0r)

= |ur| (cos(⇥t� k0r) cos(�)� sin(⇥t� k0r) sin(�))

ur = ⇤u.⇤er = |ur| cos(⇥t� k0r + �)

It is easier to use the complex form :

p = Real

✓
A0

r
exp (j(�t� k0r))

◆

ur = Real (ûr exp (j(�t� k0r)))

ûr 2 Cwhere

✓
�0

⇥⇤u

⇥t
� ⇤rp

◆
.⇤er = 0

��0j⇥ûr =
⇤p

⇤r

p 31

31

• Spherical waves in free field 

Some general solutions

Leads to:

The Euler equation 
along the radial direction:  

j⇥�0ûr exp (j(⇥t� k0r)) = �⇤p

⇤r
=

✓
�jk0

A0

r
+

A0

r2

◆
exp (j(⇥t� k0r))

✓
�0

⇥⇤u

⇥t
+ ⇤rp

◆
.⇤er = 0

�0
⇥ur

⇥t
= �⇥p

⇥r

ûr =
p̂

�0c0

✓
1 +

1

jk0r

◆

p 32
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• Spherical waves in free field 

Some general solutions

ur =
p

�0c0

✓
1 +

1

jk0r

◆

S = 4�r2

� =
c0
f

=
2⇥

k0

k0r ⌧ 1

r ⌧ �
|ur| �

1

r2

Near field
Locally incompressible flow

k0r � 1

r � � |ur| �
1

r

ur ' p

�0c0

Far field
Plane wave behavior

Wave length

p 33
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• Definition

Fourier transforms

Joseph Fourier 
(1768 - 1830)

The Fourier transform is defined by:

p̂(⇥)
def
=

1

2�

Z 1

�1
p(t) e�j�t dt

and the inverse Fourier transform is defined by:

p(t)
def
=

Z 1

�1
p̂(�) ej�t d�

p 35

35

Fourier transforms

The Fourier transform of        is equal to
dp

dt
j� p̂(�)

The wave equation becomes the Helmholtz equation

�p̂+
�2

c20
p̂ = 0

�p� 1

c20

�2p

�t2
= 0

F.T.

�p̂+ k20 p̂ = 0

Whoever in the pursuit of science, seeks after immediate 
practical utility may rest assured that he seeks in vain. 
(H. von Helmholtz,1862)Hermann von Helmholtz 

(1821 -1894)

Helmholtz equation

p 36
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Fourier transforms

The spatial Fourier transform is defined by:

and the inverse spatial Fourier transform is defined by:

p̌(k, t)
def
=

1

2�

Z 1

�1
p(x, t) ejkx dx

p(x, t)
def
=

Z 1

�1
p̌(k, t) e�jkx dk

p 37

37

Fourier transforms

Example: Calculation on the 1D wave equation with a source 
concentrated in time and in space

⇥2p

⇥t2
� c20

⇥2p

⇥x2
= �(x)�(t)

�(x)

�(t)
where             are the Dirac 

generalized functions 

The Fourier Transforms in time and space lead to:

�⇥2p̂+ c20k
2p̂ =

1

4�2

p̂(k,⇥) =
1

4�2c20

1

k2 � ⇥2/c20

p 38
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Fourier transforms

Doing the inverse Fourier Transform in space leads to:

p̃(x,⇥) =
1

4�2c20

Z 1

�1

e�jkx

k2 � ⇥2/c20
dk

Real(k)

Imag(k)
Use of the complex    planek

�/c0

��/c0

Integration contour

p̃(x,⇥) =
e�j�|x|/c0

4�jc0⇥
The result is

p 39

39

Fourier transforms

Doing the inverse Fourier Transform in time leads to:

p(x, t) =
1

4�jc0

Z ⇥

�⇥

ej�(t�|x|/c0)

⇥
d⇥

=
1

2c0
H(t� |x|/c0) H is the Heaviside step function

t

x
x� c0t =

const
ant

x+ c0t = constant

p 40
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p 41
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Source of sound

Wave equation with sources

1

c20

⇥p0

⇥t
+ �0⇤r.⇤u0 = 0

�0
⇥ ⇤u0

⇥t
+ ⇤rp0 = 0

1

c20

�2

�t2
p0 ��p0 =

dQm

dt
� ⇥r⇥f

Monopole =
Non-stationary mass injection

Dipole =
Non-uniform force 
field on fluid

1

c20

⇥p0

⇥t
+ �0⇤r.⇤u0 = Qm

�0
⇥ ⇤u0

⇥t
+ ⇤rp0 = ⇤f

p 42
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Source of sound

Monopole = Non-stationary mass injection
Example: The pulsating sphere

For symmetry reasons, the pulsating sphere 
will produce a spherical field 

a = a0 + âej�tThe radius is

The mass flow rate is 

Qm = ⇥0(�a
2
0)j⇤â

p =
A0

r
cos(�t� k0r)

ûr =
A0

�0c0r

✓
1 +

1

jk0r

◆
ûr0

p 43
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Source of sound

ûr0 =
Qm

⇥0�a20
=

A0

⇥0a20j⇤
k0a0 ⌧ 1 A0 =

j⇥Qm

�

p =
j⇥Qm

�r
ej(�t�k0r)

p 44
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Source of sound

Influence of a wall

Wall
h

2h

Equivalent

Image of the source
pulsations in phase

k0h ⌧ 1 M

p(M) = 2ps

The sound radiation is determined by the source 
and the impedance which it experiences !

p 45
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Source of sound

Dipole = Non-uniform force field on fluid
Example: The oscillating sphere

Equivalent

M

M0

p(M0) = 0

✓

p(M) = p(r, �, t)

directivity

p 46

46



24

Source of sound

Monopole Dipole Quadripole

+ +- +-+-

p 47
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Acoustical energy

⇥E

⇥t
+ ⇤r⇤I = ⇤u0.⇤f + p0

Qm

�0

E =
1

2
�0(⇥u0)2 +

1

2

(p0)2

�0c20

�I = p0�u0

Energy

Intensity

Power injected by  volume 
sources (per unit volume) 

Power injected by force 
sources (per unit volume)  


1

c20

⇥p0

⇥t
+ �0⇤r.⇤u0 = Qm

�
p0

�0"
�0

⇥ ⇤u0

⇥t
+ ⇤rp0 = ⇤f

#
.⇤u0

p 48
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Acoustical energy

We deduced an equation for quadratic 
functions of perturbations from linear 
approximation

p 49

49

Acoustical energy

Sources

ZZ

S
��n.�I ⇥dA =

ZZZ

V
�Psources⇥ dV

�E

�t
+ ⇥�.⇥I = Psources

hgi = 1

T

Z T

0
g(t)dt

Intensity flux

�nV

S

dA

�P⇥ =
ZZ

S
Real��n.�up ⇥dA

p 50
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Source of sound
Acoustical energy
for spherical waves in time harmonic motion

Sources

�nV

S

dA

⇥n.⇥u = ur =
p

�0c0

✓
1 +

1

jk0r

◆

⇥n.⇥I =
p2

�0c0
r � �for

�P⇥ = �r2

2

|p|2

⇥0c0

Acoustical power

p 51

51

Source of sound
Acoustical energy
in time harmonic motion

Acoustical power

More generally ⇥n.⇥u = un = Z(�)p

�P⇥ =
ZZ

S

⇥

2�

Z 2�/⇥

0
Real

�
ûne

j⇥t
�
Real

�
p̂ej⇥t

�
dt dA

=

ZZ

S

1

4
(p̂û⇤

n + p̂⇤ûn) dA

=

ZZ

S

1

2
Real (p̂⇤ûn) dA

�P⇥ =
ZZ

S

1

2
Real(Z)|ûn|2 dA

p 52
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Source of sound
Acoustical energy

Sources

�n
Z(�)

�P⇥ =
ZZ

S

1

2
Real(Z)|ûn|2 dA

⇥n.⇥u = un = Z(�)p

For a wall to be passive 
(absorbing energy), the real 
part of the impedance had to 
be positive (normal    in the 
wall)

�n

p 53

53

p 54
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Green’s functions

The Green’s function                       is the pulse response of wave equationG(⇥x, t|⇥y, �)

⇤2G

⇤t2
� c20�G = �(⌅x� ⌅y)�(t� ⇥)

is the response at the observation point    at time 
of a source at point     at time    

G(⇥x, t|⇥y, �) �x
�y ⌧

t

George Green
(1793 –1841)

p 55

55

Green’s functions

⇤2G

⇤t2
� c20�G = �(⌅x� ⌅y)�(t� ⇥)

To find the Green’s function it is necessary to add to the equation:  

the boundary conditions on a surface     enclosing the volume   
in which    and    are localized�x �y

S V

�n

Sources

�x

�y

Robin condition�n.�rG+ b G = c

�n.�rG = c
G = a

Neumann condition
Dirichlet condition

p 56

56
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Green’s functions

Solution of the wave equation with sources:
⇥2p

⇥t2
� c20�p = q(⇤y, �)

p(⇥x, t) =

Z t

0

ZZZ

V
q(⇥y, �)G(⇥x, t|⇥y, �)d3⇥y d�

+c20

Z t

0

ZZ

S
(G⇥rp� p⇥rG).⇥ny d

2⇥y d�

�
 ZZZ

V
(p(⇤y, �)

⇥G

⇥�
�G

⇥p(⇤y, �)

⇥�
) d3⇤y

�

�=0

Effect of initial condition

Effect of 
boundary 
condition

Effect of 
sources

p 57

57

Green’s functions

In the frequency domain:

Effect of 
boundary 
condition

Effect of 
sourcesp̂(�x) =

ZZZ

V
q̂(�y) Ĝ(�x|�y) d3�y

+

ZZ

S
(Ĝ�rp̂� p̂�rĜ).�ny d

2�y

p 58

58
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Green’s functions

Free field Green’s functions:

⇤2G

⇤t2
� c20�G =

�(⌅x� ⌅y)�(t� ⇥)

�G+ k2G = �(⇥x� ⇥y)
j

2k
ejk|X|

1

2c0
H(T � |X|/c0)

�(T �R/c0)

4⇥c0R

1D 3D

T = t� � X = x� y R = k�x� �yk

e�jkR

4�R

p 59

59

Green’s functions

�v

z✓�

Example: Circular piston in a large baffle 
in frequency domain

radius a

The considered Green’s function is:

where    is the symmetric of    with respect to   �y0 �y z = 0

G(⇥x|⇥y) = e�jk0|�x��y|

4�|⇥x� ⇥y| +
e�jk0|�x��y0|

4�|⇥x� ⇥y⇥|

p 60
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Green’s functions

z =
0

�v

a

R

S0

S⌃

SR

p̂(�x) =

ZZZ

V
q̂(�y) Ĝ(�x|�y) d3�y

+

ZZ

S
(Ĝ�rp̂� p̂�rĜ).�ny d

2�y

no sources in the domain

Ĝ symmetric / z = 0
+

Sommerfeld

p̂(⇤x) = �
ZZ

S0

Ĝ
⇥p

⇥z
rdr d�

p̂(⌅x) =
jk0⇥0c0

2�

ZZ

S0

e�jk0|�x� �y0|

|⌅x� ⌅y0|
v(⌅y0) rdr d⇤

p 61

61

Green’s functions

S0 �x

�y0

|�x� �y0| =
q

x2 + y20 � 2�x.�y0 ⇥ r � �x.�y0
r

In the far field x � y0

p̂(⌅x) = jk0⇥0c0v
e�jk0r

2�r

Z 2⇥

0

Z a

0
ejk0r0 sin � cos(⇤0�⇤) r0dr0 d⇤0

p̂(⌅x) = j2⇥a2k0⇤0c0v
e�jk0r

4⇥r

2J1(k0a sin �)

k0a sin �

p̂(⌅x) =
jk0⇥0c0

2�

ZZ

S0

e�jk0|�x� �y0|

|⌅x� ⌅y0|
v(⌅y0) rdr d⇤

like monopole directivity

p 62

62
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Green’s functions

p̂(⌅x) = j2⇥a2k0⇤0c0v
e�jk0r

4⇥r

2J1(k0a sin �)

k0a sin �

directivityk0 a = 0.1
k0 a = 1

k0 a = 3

k0 a = 10

John William Strutt
Lord Rayleigh 
(1842 - 1919)

p 63

63

Green’s functions

p̂(⌅x) = j2⇥a2k0⇤0c0v
e�jk0r

4⇥r

2J1(k0a sin �)

k0a sin �

Low frequency
k0a < 1

Medium frequency
k0a > 1

High frequency

k0a � 1

p 64

64
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Green’s functions

p̂(⌅x) =
jk0⇥0c0

2�

ZZ

S0

e�jk0|�x� �y0|

|⌅x� ⌅y0|
v(⌅y0) rdr d⇤

By integration of         on the surface     , the mean pressure on the surface 
divided by the piston velocity can be written

p̂(�x) S0 S0

Zrad = �0c0

✓
1� J1(2k0a)

k0a
+ j

S1(2k0a)

k0a

◆
Bessel function

Struve function

For k0a ⌧ 1 Zrad = ⇥0c0

✓
1

2
(k0a)

2 + j
8k0a

3�

◆

Rayleigh radiation impedance

p 65

65

Green’s functions

Zrad = �0c0

✓
1� J1(2k0a)

k0a
+ j

S1(2k0a)

k0a

◆

For k0a ⌧ 1 Zrad = ⇥0c0

✓
1

2
(k0a)

2 + j
8k0a

3�

◆

Zrad

�0c0

k0a

Imaginary part

Real part

p 66

66
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p 67

67

x

Propagation in ducts (1D)

S

L

p(x,�) =
�
p+e�jk0x + p�ejk0x

�
ej�t

u(x,⇥) =
1

�0c0

�
p+e�jk0x � p�ejk0x

�
ej�t

p 68

68
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Propagation in ducts (1D)

In free field, the acoustic pressure 
in proportional to         => There is 
a geometric attenuation of - 6 dB 
when the distance to the source is 
doubled

In waveguide, the amplitude of the acoustic 
pressure is conserved  (There is attenuation 
only by the thermo-viscous effects)

r

1/r

p 69

69

x

Propagation in ducts (1D)

L

x1 x2

p2 = p+0 e
�jk0x2 + p�0 e

jk0x2

u2 =
1

�0c0

�
p+0 e

�jk0x2 � p�0 e
jk0x2

�

p1 = p+0 e
�jk0x1 + p�0 e

jk0x1

u1 =
1

�0c0

�
p+0 e

�jk0x1 � p�0 e
jk0x1

�

p 70

70
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x

Propagation in ducts (1D)

L

x1 x2

p+2 = p+1 e
�jk0(x2�x1) = p+1 e

�jk0L

p�1 = p�2 e
�jk0(x2�x1) = p�2 e

�jk0L

p1 = p+1 + p�1

p2 = p+2 + p�2

p 71
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u1 =
1

⇢0c0

�
p+1 � p�1

�

<latexit sha1_base64="Jv0DCxcqk4wznL9fRI2i//9WnYA="></latexit>

u2 =
1

⇢0c0

�
p+2 � p�2

�

71

Propagation in ducts (1D)

Two-ports 
network:

Quadripole
p1

u1 u2

p2

p+1

p�1 p�2

p+2

Equivalence with electrical circuits 

p 72

72
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Propagation in ducts (1D)

✓
p1
p2

◆
=

✓
Z11 Z12

Z21 Z22

◆✓
u1

u2

◆

4-ports 
network:

Quadripole
p1

u1 u2

p2

p+1

p�1 p�2

p+2 The quadripole can be 
represented by a 2×2 matrix. 

Impedance MatrixTransmission Matrix

Scattering Matrix

There are several ways to do:

+ …Transfer Matrix
✓
p�1
p+2

◆
=

✓
S11 S12

S21 S22

◆✓
p+1
p�2

◆

✓
p2
u2

◆
=

✓
A B
C D

◆✓
p1
u1

◆

✓
p+2
p�2

◆
=

✓
T11 T12

T21 T22

◆✓
p+1
p�1

◆

p 73

73

Propagation in ducts (1D)

4-ports 
network:

Quadripole
p1

u1 u2

p2

p+1

p�1 p�2

p+2

In general those matrices can have proprieties associated with: 

Reciprocity: A network is said to be reciprocal if the pressure appearing at 
port 2 due to a velocity applied at port 1 is the same as the pressure 
appearing at port 1 when the same velocity is applied to port 2.

Symmetry: A network is said to be symmetric if the port 1 and the port 2 
can reversed.

S21 = S12

Z11 = �Z22

Z12 = �Z21

A = D S11 = S22

p 74

AD �BC = 1

74



38

Propagation in ducts (1D)

Tubep1

u1 u2

p2

p+1

p�1 p�2

p+2

Scattering Matrix

✓
p�1
p+2

◆
=

✓
R t
T r

◆✓
p+1
p�2

◆

p+2 = p+1 e
�jk0L

p�1 = p�2 e
�jk0L

T = t = e�jk0L

R = r = 0

✓
p�1
p+2

◆
=

✓
0 e�jk0L

e�jk0L 0

◆✓
p+1
p�2

◆

Scattering Matrix

p 75
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Propagation in ducts (1D)

p1

u1 u2

p2

p+1

p�1 p�2

p+2

Scattering Matrix

✓
p�1
p+2

◆
=

✓
R t
T r

◆✓
p+1
p�2

◆

Link to the 
Transfer Matrix 

p�1 = Rp+1 + tp�2

p+2 = Tp+1 + rp�2

tp�2 = �Rp+1 + p�1

p+2 � rp�2 = Tp+1

✓
0 t
1 �r

◆✓
p+2
p�2

◆
=

✓
�R 1
T 0

◆✓
p+1
p�1

◆

✓
p+2
p�2

◆
=

✓
T �R t�1 r t�1 r

�Rt�1 t�1

◆✓
p+1
p�1

◆
Transfer Matrix 

p 76
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Propagation in ducts (1D)

Tubep1

u1 u2

p2

p+1

p�1 p�2

p+2

Transfer Matrix

✓
p+2
p�2

◆
=

✓
T �R t�1 r t�1 r

�Rt�1 t�1

◆✓
p+1
p�1

◆

✓
p+2
p�2

◆
=

✓
T11 T12

T21 T22

◆✓
p+1
p�1

◆

✓
p+2
p�2

◆
=

✓
e�jk0L 0

0 ejk0L

◆✓
p+1
p�1

◆

Transfer Matrix

p 77
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Propagation in ducts (1D)

Tubep1

u1 u2

p2

p+1

p�1 p�2

p+2

Transfer Matrix

✓
p+2
p�2

◆
=

✓
e�jk0L 0

0 ejk0L

◆✓
p+1
p�1

◆

p2 = p+2 + p�2 = e�jk0Lp+1 + ejk0Lp�1

p1 = p+1 + p�1 p+1 =
1

2
(p1 + Zcu1)

p�1 =
1

2
(p1 � Zcu1)

u1 = Z�1
c (p+1 � p�1 )

u2 = Z�1
c (p+2 � p�2 ) = Z�1

c

�
e�jk0Lp+1 � ejk0Lp�1

�

p 78

78
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Propagation in ducts (1D)

p1

u1 u2

p2

p+1

p�1 p�2

p+2

Link to the 
Transmission Matrix 

Transfer Matrix
✓
p+2
p�2

◆
=

✓
T11 T12

T21 T22

◆✓
p+1
p�1

◆

✓
p2
u2

◆
=

✓
1 1

Z�1
c �Z�1

c

◆✓
p+2
p�2

◆

✓
p1
u1

◆
=

✓
1 1

Z�1
c �Z�1

c

◆✓
p+1
p�1

◆

✓
p2
u2

◆
=

✓
1 1

Z�1
c �Z�1

c

◆✓
T11 T12

T21 T22

◆✓
1 1

Z�1
c �Z�1

c

◆�1 ✓p1
u1

◆

Transmission Matrix 

Zc = �0c0

p 79
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Propagation in ducts (1D)

p2 =
1

2

�
e�jk0L + ejk0L

�
p1 +

1

2

�
e�jk0L � ejk0L

�
Zcu1

Zcu2 = �j sin(k0L)p1 + cos(k0L)Zcu1

p2 = cos(k0L)p1 � j sin(k0L)Zcu1

✓
p2
u2

◆
=

✓
cos(k0L) �jZc sin(k0L)

�jZ�1
c sin(k0L) cos(k0L)

◆✓
p1
u1

◆

Transmission Matrix

p 80
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Zcu2 =
1

2

�
e�jk0L � ejk0L

�
p1 +

1

2

�
e�jk0L + ejk0L

�
Zcu1
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Propagation in ducts (1D)

Transport of impedance

Z1 =
p1
u1

=
cos(k0L)p2 + jZc sin(k0L)u2

jZ�1
c sin(k0L)p2 + cos(k0L)u2

Z1/Zc =
Z2/Zc + j tan(k0L)

1 + jZ2/Zc tan(k0L)

Transport of reflection coefficient

R1 =
p�1
p+1

= R2 e
�2jk0L

p 81

81

Propagation in ducts (1D)

Z1/Zc =
Z2/Zc + j tan(k0L)

1 + jZ2/Zc tan(k0L)

L
Closed tube

u2 = 0
Z2 = 1

L = x2 � x1

Z1/Zc =
1

j tan(k0L)

R1 = e�j2k0L

R2 = 1

p 82

82
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Propagation in ducts (1D)

Z1/Zc =
Z2/Zc + j tan(k0L)

1 + jZ2/Zc tan(k0L)

L
Open tube

Z2 = Zrad

Zrad ' 0

k0a ⌧ 1
Z1/Zc = j tan(k0L) R2 = �1

R1 = �e�j2k0L

p 83

83

Propagation in ducts (1D)

Continuity of pressure 

Continuity of acoustic flow rate

Area expansion

p1 = p2

p+1 + p�1 = p+2 + p�2

S1(p
+
1 � p�1 ) = S2(p

+
2 � p�2 )

S1u1 = S2u2

k0a ⌧ 1

S1 S2

p+1
p�1 p�2

p+2

p 84

84
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Propagation in ducts (1D)

Area expansion

S1 S2

p+1
p�1 p�2

p+2

Scattering Matrix

✓
p�1
p+2

◆
=

✓
R t
T r

◆✓
p+1
p�2

◆

T =
2

S2/S1 + 1

R = �S2/S1 � 1

S2/S1 + 1

r =
S2/S1 � 1

S2/S1 + 1

t =
2S2/S1

S2/S1 + 1

p 85
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Propagation in ducts (1D)

Expansion chamber

L

p 86

86
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Propagation in ducts (1D)

Expansion chamber

0 0.5 1 1.5 2 2.5 30

5

10

15

Transmission Looses TL 
(in dB)

k0L/�

p 87

87

Propagation in ducts (1D)

Resonator

LV

SV

l

s

ZV /(�0c0) =
�j

tan(k0LV )

ZN/(�0c0) =
�js

SV tan(k0LV )

ZR/(�0c0) = j
SV tan(k0l) tan(k0LV )� s

SV tan(k0LV ) + s tan(k0l)

p 88

88
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Propagation in ducts (1D)

Resonator

LV

SV

l

s

ZR/(�0c0) = j
SV tan(k0l) tan(k0LV )� s

SV tan(k0LV ) + s tan(k0l)

k0l ⌧ 1

k0LV ⌧ 1

ZR/(�0c0) = j
k20lSV LV � s

k0(SV LV + sl)
V = SV LV � sl

ZR/(�0c0) = j(k0l �
s

k0V
)

p 89

89

Propagation in ducts (1D)

Resonator

LV

SV

l

s

k0l ⌧ 1

k0LV ⌧ 1

ZR/(�0c0) = j(k0l �
s

k0V
)

ZR = 0 k20 =
s

lV

�R = c0

r
s

lV

Hermann von Helmholtz 
(1821 -1894)

Helmholtz resonator

Mass + Spring resonator

Mass = mass of air in the 
neck of the resonator

Spring = volume of air 
in the cavity

p 90

90
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Propagation in ducts (1D)

For high level the flow in holes 
is no longer potential ⇒
creation of vorticity on each 
half acoustical period.
For very high levels, a shear 
layer is formed and the 
vorticity is detached. 

p 91

91

Propagation in ducts (1D)

p 92

92



47

Propagation in ducts (1D)

Creation 
of 

vorticity
in a jet

St

Sj

vL

vj

Compact zone i.e. 

Continuity of flow rate

Bernoulli equation

� >> hole size

�CDvj = vL

pL +
1

2
�0v

2
L = pj +

1

2
�0v

2
j

CD =
Sj

St
' 0.8

The impedance is a linear concept. What means “Non Linear impedance ?” 

dp = pL � pc =
1

2
�0

✓
1

(⇥CD)2
� 1

◆
|vL|vL =

1

2
�0K|vL|vL

p 93
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Propagation in ducts (1D)

Bifurcation

S1
p+1
p�1

p
+
2

p
�
2

S2

S
3

p +
3p �

3

k0H ⌧ 1
H

Continuity of pressure on node  

Continuity of acoustic flow rate

p1 = p2 = p3

p+1 + p�1 = p+2 + p�2 = p+3 + p�3

S1u1 + S2u2 + S3u3 = 0

S1(p
+
1 � p�1 ) + S2(p

+
2 � p�2 ) + S3(p

+
3 � p�3 ) = 0

p 94

94
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Propagation in ducts (1D)

Example: Tube with a closed tube on the side

H

S1

p+1
p�1

p+2
p�2

u3

p3

S3 p+1 + p+1 = p+2 = p3
S1(p

+
1 � p+1 ) = S1p

+
2 + S3Zcu3

p 95

95

Propagation in ducts (1D)

Example: Tube with a closed tube on the side

p+1 + p+1 = p+2 = p3 p3

Zcu3
=

Z3

Zc
=

1

j tan(k0H)S1(p
+
1 � p+1 ) = S1p

+
2 + S3Zcu3

T =
p
+
2

p
+
1

=
2

2 + jS3/S1 tan(k0H)

p+1 + p�1 = p+2

p
+
1 � p

�
1 = p

+
2

✓
1 + j

S3

S1
tan(k0H)

◆

p 96

96
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Propagation in ducts (1D)

Example: Tube with a closed tube on the side
H

S1

S3

T =
2

2 + jS3/S1 tan(k0H)

k0H/�

|T |

S3/S1 = 0.5

Pass-Band
filter

p 97

97

Propagation in ducts (1D)

Periodic structure

L

periodic cell

H

Transfer Matrix✓
p+n+1

p�n+1

◆
= [T ]

✓
p+n
p�n

◆ ✓
p+N
p�N

◆
= [T ]N

✓
p+0
p�0

◆

p 98

98
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Propagation in ducts (1D)

Periodic structure

H

S1

S3

L

p+1
p�1

p+2
p�2

u3

p3p+a
p�a

S1(p
+
a � p+a ) = S1(p

+
2 � p�2 ) + S3Zcu3

p+a + p+a = p+2 + p�2 = p3

p+a = p+1 e
�jk0L

p�a = p�1 e
jk0L

p3

Zcu3
=

Z3

Zc
=

1

j tan(k0H)

p 99

99

Propagation in ducts (1D)

Periodic structure Y3 =
S3Zc

S1Z3

✓
1 1

1 + Y3 �(1� Y3)

◆✓
p+2
p�2

◆
=

✓
e�jk0L ejk0L

e�jk0L �ejk0L

◆✓
p+1
p�1

◆

Transfer Matrix [T ]

✓
p+2
p�2

◆
=

1

2

✓
(1� Y3)e�jk0L + e�jk0L (1� Y3)ejk0L � ejk0L

(1 + Y3)e�jk0L � e�jk0L (1 + Y3)ejk0L + ejk0L

◆✓
p+1
p�1

◆

p 100
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Propagation in ducts (1D)

Periodic structure L

H

✓
p+N
p�N

◆
= [T ]N

✓
p+0
p�0

◆

N = 50
S3

S1
= 0.5

H

L
= 0.1

|T |

k0L/� Band gaps

p 101

101

p 102
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Dissipation in ducts

u(x, t)

Problem with viscosity !

In real life, the 
velocity had to be 0 
at the wall

It is the same for temperature

p 103

103

C

Dissipation in ducts

The second Stokes problem 

George Stokes
(1819 - 1903)

Fluid initially at rest

Oscillating plate 

What is the fluid motion ?

V = V̂ ej�t

p 104

104
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Dissipation in ducts

The second Stokes problem 

Oscillating plate 

�r.�u = 0

V = V̂ ej�t

Incompressible fluid
�ux

�x
+

�uy

�y
= 0

�u = ux(y, t)�x

⇤ux

⇤t
+ ux

⇤ux

⇤x
+ uy

⇤uy

⇤x
= � 1

⇥0

⇤p

⇤x
+ �

✓
⇤2ux

⇤x2
+

⇤2ux

⇤y2

◆
Navier-Stokes equation along x

Diffusion equation 

⇥ux

⇥t
= �

⇥2ux

⇥y2

p 105

105

Dissipation in ducts

The Stokes problem 

Oscillating plate V = V̂ ej�t

⇤2ûx

⇤y2
=

j⇥

�
ûx

ûx = Ae�j�y +Bej�y �2 = � j!

⌫

� = (1� j)

r
!

2⌫

� =
1� j

�⌫

p 106
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p 107

Dissipation in circular ducts

107

Dissipation in ducts

⇤u

⇤t
= � 1

⇥0

⇤p

⇤x
+ ��?u,

�p

�r
= 0

⇥�

⇥t
+ �0

✓
⇥u

⇥x
+

1

r

⇥ rv

⇥r

◆
= 0

⇥0Cp
⇤T

⇤t
=

⇤p

⇤t
+ ��?T

� =
p

RT0
� �0

T

T0

r

p 108
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u, v, T = 0
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r
@r(r@r)

108



55

Dissipation in ducts

r

U, v, T = 0 p̂(r) = C

û(r) =
1

⇥0c0
(AJ0(�r) +KC) ,

K = k/(�/c0)

T̂ (r) =
1

⇥0Cp
(BJ0(⇤�r) + C)

� =
p

Pr

p 109

�2 = � j!

⌫

109

Dissipation in ducts

r

U, v, T = 0

Applying boundary conditions leads to

K2 = �⇥J0(�a)J0(⇤�a) + (⇥ � 1)J0(�a)J2(⇤�a)

J0(⇤�a)J2(�a)

K = k/(�/c0)

p 110

� =
p

Pr�2 = � j!

⌫
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Dissipation in ducts

For high shear numbers, 

Sh = a
p

⇥/� � 1

K = 1 + (1� i)�0

�0 =
1p
2Sh

✓
1 +

⇥ � 1

⇤

◆

p 111

For low shear numbers, 
<latexit sha1_base64="SvXfQHYWh5b7nrQQUQv838s62zQ="></latexit>

Sh = a
p

!/⌫ ⌧ 1

Laminar isothermal flow

111

Porous material with rigid 
frame 

• Use of the multi-scale asymptotic method 
⇒ 2 separated problems to solve

Viscous incompressible flow 
in the microstructure

Thermal  diffusion
in the microstructure

⇢e(!)
Leads to the calculation 
of the effective density

Leads to the calculation 
of the effective compressibility e(!)

for an isotropic material

in the general case

j⇥�eij(⇥)vj = � ⇤p

⇤xi

j⇥�e(⇥)v = �rp
j⇥��1

e (⇥)p = �r.v
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Porous material with rigid 
frame 

Low
frequencies

High
frequencies

0

80

160
)(Im wr

100.11 100 cww /





1

2

3

100.11 100 cww /

)(wrRe






Pride
93

Darcy 
permeability 

Tortuosity
Of viscous fluid



Johnson
87 Viscous 

characteristic 
length 

 Tortuosity
of perfect fluid

Delany &
Bazley 70

0k

¥a

L

0a

⇢0 �! ⇢eij(!) = ⇢0↵ij(!) Dynamic tortuosity

� =

r
⌫

!H
� ⌧ H� � H

Close to 
perfect fluid

Viscous
fluid

<latexit sha1_base64="o7bUlxI1uTKEbgQJBbNWnSdbbYw="></latexit>

� = 0.05 mm

for f = 1000 Hz
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Porous material with rigid 
frame 

100.11 100 cww /

Im κ (ω)

 510.0

5101.0

5102.0

100.1 1 100 cww /
5105.0

510.1

5105.1

Re κ (ω)




93b

Thermic 
permeability

Thermic 
tortuosity



93a
 Thermic 

characteristic 
length 

 Adiabatic 
limit

Allard
91

Dynamic compressibility

0k ¢

L¢

0a¢

Lafarge 

⇤a = ⇥P0 = c20⌅0 �! ⇤e(⇧) = ⇥P0/�(⇧)

T=0

T=0

H

� ⌧ H� � H

Quasi-
adiabatic

Quasi-
isotherm

T ' 0
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�
↵1

k00k0
⇤0⇤

Model with six parameters: 
the porosity    
the tortuosity         
the viscous and thermal permeabilities and      
the viscous and thermal characteristic lengths    and 

Porous material with rigid frame 

⇥e =
⇥0�1
�

 
1 +

1

jx


1 +

M

2
jx

�1/2!

x =
⇤�1k0
⇥�

M =
8k0�1
⇥�2

x0 =
⇥Prk00
��

M 0 =
8k00
⇥�02

k00 = ⇥�02/8

Effective 
density 

Effective 
compressibility 

Viscous shape 
factor 

Viscous reduced 
frequency 

Thermal reduced 
frequency 

Thermal shape 
factor 

In practice
⇤ = ⇥0�/k0Resistivity

k00 can be approximated by

⇒ 5 independent parameters

⇥e =
�0P0

�

0

@� � (� � 1)

 
1 +

1

jx0


1 +

M 0

2
jx0
�1/2!�1

1

A
�1
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Porous material with rigid 
frame 

Phase Velocity :

Characteristic Impedance :

From             and             :⇢e(!) e(!)

ce =

s
�e(⇤)

⇥e(⇤)

Zce =
p
�e(⇤)⇥e(⇤)

j⇥�e(⇥)vm = �rpm

j⇥�0va = �rpa

pa = pm va = vm

j⇥��1
a pa = �r.va

j⇥��1
e (⇥)pm = �r.vm
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