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Homogenization aims to replace a micro-structured (inhomogeneous) medium  with an equivalent, homogeneous, one 

By its very nature, homogenization is well-suited for modeling structures that rely on metamaterials.

This technique is based on an asymptotic analysis with two scales (spatial in its classical form) defining a small parameter

This technique arrives recently in the context of waves 


• to deal with locally resonant structures/metamaterials  

• to deal with metasurfaces/metainterface



• Homogenization aims to replace a micro-structured (inhomogeneous) medium  with an equivalent, homogeneous, one 

http://people.ee.duke.edu/~drsmith/metamaterials/metamaterials_homogenization.htm

same response (say voltage)
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same response (say voltage)

Homogenization

• Why doing so ? 

because it is much simpler theoretically to optimise the properties of a homogeneous medium than those of an inhomogeneous medium.  

• Homogenization aims to replace a micro-structured (inhomogeneous) medium  with an equivalent, homogeneous, one 

because the effective model can provide a physical picture of the observed phenomena (e.g. the conductivity or refraction index).  



Homogenization

optimized micro-structured medium 

H-1

family of micro-structured media
 with some degrees of freedoms 
(material properties, geometry ….)
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family of effective media
(homogeneous, much simpler) 
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optimized effective medium 

H O

homogenization optimization

Homogenization offers a one-to-one correspondance between  
the actual medium (difficult to deal with) and an equivalent one (easier to deal with). 
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homogenization optimization

Homogenization offers a one-to-one correspondance between  
the actual medium (difficult to deal with) and an equivalent one (easier to deal with). 
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and optimization

Optimization of plasmonic metasurfaces: a homogenization-based design
N Lebbe, K Pham, A Maurel - Journal of Computational Physics, 2023 

Journal of Computational Physics 495 (2023) 112553
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N. Lebbe, K. Pham and A. Maurel

Fig. 4. Schematic representation of the plasmonic metasurfaces working in reflection that we want to design in this study.

!0 = 1 m. The meta-atoms will all be metallic disks made from an artificial material of permittivity " = −1.05 − 0.001#5 and varying 
relative radius between $min = 0.05 and $max = 0.2 inside cells of size %& = !0& with & = 1∕20. The effective interface that replaces the 
metasurface will be denoted by Γ = {!, ' = 0}. The distribution of radius on Γ will be given by the function ( ↦ )(() ∈ ($min, $max). 
Note that for a real metasurface, we may also consider a distribution )(() which will then be constant inside segments of size %& .

As we will only consider normal incident plane waves, the field H below the metasurface can be expanded as

H=Hinc +Hsc with Hinc((,') = *−#+0('−'0) (22)
where Hinc is the fixed incident field, Hsc the scattered (a.k.a. reflected) part of H and Γ0 = {!, ' = '0} an arbitrary plane below the 
metasurface. Our goal is to design the metasurface, i.e., to choose the radius )(() of each meta-atom that composes the metasurface 
in order to obtain a desired reflected field H⋆

sc.

3.2. Heuristic design based on local phase changes

The design method that we will present here is based on two features: on one hand, in section 3.2.1, a heuristic allowing to locally 
link the reflected field at ( to )(() and, on the other hand, in section 3.2.2, a matching of the reflected phase with the desired one. 
The whole procedure will be called the Local Phase Matching (LPM) method, and the resulting design referred to the “LP-based” one.

3.2.1. Field calculation on a unit cell
To simplify the calculation of Hsc for any distribution )((), one classical heuristic is to consider that the field reflected by a 

meta-atom does not depend on the different radius of its neighbors. In other words, that Hsc((, ') can be obtained by simulating the 
unit cell at position ( while considering that it is placed in a periodic metasurface, i.e. using periodic boundary conditions.

We denote by H$
sc((, ') the field scattered by a periodic metasurface of circular particles with radius $ when a normal incident 

plane wave is considered. Since the period %& of a cell is much smaller than the wavelength, the reflected field follows Snell’s law 
and the field H$

sc is an (outgoing) plane wave in the normal direction. As such, sufficiently far from the metasurface, the evanescent 
fields are essentially equal to zero and we have H$

sc((, ') =H$
sc('). We then considers that at '0 ≪ 0:

Hsc((,'0) = H)(()
sc ('0). (23)

The values of (.$, /$) for different radius $ have been computed in Fig. 5 (right) where

H$
sc('0) =.$*−#/$ . (24)

3.2.2. Local phase matching method
According to eqs. (23) and (24), the scattered field Hsc is equal to the desired one H⋆

sc at '0 if )(() is such that

H⋆
sc((,'0) =.)(()*−#/)(() .

The LPM (also called UCM in [26]) then proposes to find the distribution of radius by matching the phases of the two terms in 
this equality. Defining H⋆

sc((, '0) =.⋆(()*−#/⋆((), we then search for )(() such that /⋆(() = /)(().
If the function $ ↦ /$ is bijective from $ ∈ ($min, $max) into (−0, 0) then the design can be obtained, as illustrated in Fig. 6, with:

($↦ /$)−1◦/⋆(() = )(().

Three points should be kept in mind:

5 It should be noted that for classical metals like gold and silver in the visible range, the permittivity is given by a Drude model and the absorption −1 ["] is higher 
than the one used here, see [23].

https://scholar.google.com/citations?user=Dzkc1c4AAAAJ&hl=fr&oi=sra
https://scholar.google.com/citations?user=TobOGe8AAAAJ&hl=fr&oi=sra
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• Can we homogenise any structure ?

In its classical form, homogenization makes sense if the wavelength is (much) larger than the spacing (subwavelength micro-structures) 
and it concerns periodic micro-structures

 NO 
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• Can we homogenise any structure ?  NO 

In its classical form, homogenization makes sense if the wavelength is (much) larger than the spacing (subwavelength micro-structures) 
and it concerns periodic micro-structures
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• Can we homogenise any structure ?  NO 
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 FROM THE ATOMIC PICTURE TO THE HOMOGENIZATION PICTURE  



Homogenization

• Can we homogenise any structure ?

�h

h ⌧ �
h ⇠ �

[Boutin et Auriault]

Effective speed

 NO 



« separation of scales » 
homogenization aims to capture the effect of the small scale in an « averaged sense »

the homogenized problem

L
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the actual problem
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means some averaging process during homogenization 

Homogenization



Homogenization

The classical (non resonant) two-scale homogenization



@u

@t
= �a rp

<latexit sha1_base64="OwsQYGLNQu868l88UBgZV8LYNik="></latexit>

divu+ b
@p

@t
= 0

<latexit sha1_base64="ywYBhnwrD7t+bxeMUoliTPh56ps="></latexit>

a vector field u(x, t)
<latexit sha1_base64="QHA7do45QZ4g72Dkrj5hGH85DTo="></latexit>

with material parameters a(x) and b(x)
<latexit sha1_base64="OE6bbH70YhrC7EnTkmE9/39DyLQ="></latexit>

�!
<latexit sha1_base64="B4EAva8BilUzbYrrqUy8Pa+1R1Y="></latexit>

continuity of p and of u · n at the interfaces
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wave equation written in terms of a scalar field p(x, t)
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This wave equation applies in many contexts of waves

scalar field  
p

vector field  
u

material parameter  
a

material parameter  
b

acoustics 
(full 3d)

pressure 

p

velocity

u 

inverse of mass density 

 

inverse of bulk modulus

 

electromagnetism 
(2d polarized)

out-of-plane magnetic 
field H 

auxiliary field linked to the 
in-plane electric field E 

inverse of permittivity


elastodynamics 
(2d)

out-of-plane velocity

u

in-plane vector stress

  

shear modulus
 mass density
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We shall work with the simplest wave equation :

@2p

@t2
� a

b
�p = 0
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permeability 
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The separation of the scales allows to define the small parameter ⌘ = kh ⌧ 1
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the physical space

the space 

in dimensionless coordinate

the unit cell
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 this problem is set in      on        
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the actual medium is inhomogeneous

the effective medium is homogeneous
but anisotropic in general

the anisotropy is given by aeff 

a vector field u(x, t)
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The price to pay: solve « cell problems » on                     i= 1, 2 (2d), i=1,2,3 (3d), solutions to:  
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Homogenization

Examples of applications 

that require more technicality 



Faraday cage 

real problem homogenized problem
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• Helmholtz resonance: B. Schweizer & A. Lamarcz, A. Maurel et al., O. Schnitzer, D. Abrahams

• Mie resonance : Felbacq & al., C. Boutin & Auriault, K. Pham et al.

• Minnaert resonance: K. Pham et al., H. Ammari et al.,

• Plasmonic resonance: N. Lebbe et al., H. Ammari, O. Schnitzer,  

• Elastic longitudinal/flexural resonance: J.J. Marigo & al., A. Maurel & al., 

Homogenization

Examples in resonant cases 



Figure 6: Direct et e�ectif TE/TM ⁄, ◊ = 0. Pour – = 0
(top), – = fi/4 (middle) et – = fi/2 (bottom).

Je pense que la mauvaise précision pour – = fi/2 en
TM provient du fait que les particules sont très proches
(distance de 0.1p) et donc les résonances commencent
peut-être à être influencées un peu trop par les particules
voisines.

Figure 7: Direct et e�ectif TE/TM ⁄, ◊ = fi/4. Pour
– = 0 (top), – = fi/4 (middle) et – = fi/2 (bottom).
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Figure 8: Direct et e�ectif TM Pour – = 0. De haut en
bas ⁄ = 1.6, 1.8, 2.0 avec ◊ = fi/4.

Les zooms sur une particule sont dans le dossier
TM-fields et TE-fields. Toutes les images de champs
sont pour x œ [≠2.5⁄0, 2.5⁄0] et y œ [≠p/2, p/2 + 19p] (20
particules). Pour les plots TM la colorbar est entre ≠3 et
3. En TE entre ≠1 et 1. Dans tous les cas la partie réelle
du champs est a�chée.

Figure 9: Direct et e�ectif TM Pour – = fi/4. De haut en
bas ⁄ = 1.6, 1.8, 2.0 avec ◊ = fi/4.
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Figure 8: Direct et e�ectif TM Pour – = 0. De haut en
bas ⁄ = 1.6, 1.8, 2.0 avec ◊ = fi/4.

Les zooms sur une particule sont dans le dossier
TM-fields et TE-fields. Toutes les images de champs
sont pour x œ [≠2.5⁄0, 2.5⁄0] et y œ [≠p/2, p/2 + 19p] (20
particules). Pour les plots TM la colorbar est entre ≠3 et
3. En TE entre ≠1 et 1. Dans tous les cas la partie réelle
du champs est a�chée.

Figure 9: Direct et e�ectif TM Pour – = fi/4. De haut en
bas ⁄ = 1.6, 1.8, 2.0 avec ◊ = fi/4.
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Figure 10: Direct et e�ectif TE Pour – = 0. De haut en
bas ⁄ = 1.6, 1.8, 2.0 avec ◊ = fi/4.

Figure 11: Direct et e�ectif TE Pour – = fi/4. De haut
en bas ⁄ = 1.6, 1.8, 2.0 avec ◊ = fi/4.
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Figure 10: Direct et e�ectif TE Pour – = 0. De haut en
bas ⁄ = 1.6, 1.8, 2.0 avec ◊ = fi/4.

Figure 11: Direct et e�ectif TE Pour – = fi/4. De haut
en bas ⁄ = 1.6, 1.8, 2.0 avec ◊ = fi/4.
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Mie resonance

Direct numerics Homogenized solution
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J.-J. Marigo et al.

Fig. 5 Scattering of an incident plane wave by an array of plates (two-dimensional settings); actual problem
and effective problem with an interface ruled by (43)-(44). The incident wave is characterized by (AL,AT),
(48), and the solution reads (49) with four scattering coefficients (50)

3.3 Construction of a Unique Problem

We construct the problem at the dominant order for the displacement Uz(x) = U 0
z (x) and

Ua(x) =
(
Ũ 0

a |0(x
′, z̃),Ua(x′, z̃), Ũ 0

a |hb
(x′, z̃)

)
accounting for z̃ = z/η and rb = η2r̂b. Gather-

ing the longitudinal and flexural equations (18), (22), (24), (26) in both the inner region of
the beams and the intermediate region near the extremities, we get the final set of homoge-
nized equations for z ∈ (0, hb)






∂4Ua

∂z4
− κ4Ua = 0, κ4 = 4ρbω

2

Ebr2
b

,

∂2Uz

∂z2
+ K2Uz = 0, K2 = ρb

Eb

ω2.

(41)

Next, gathering the transmission conditions (38) and (40) at z = 0 and the free-end boundary
conditions (33) and (34) at z = hb leads to the boundary conditions






at z = 0, Ua = ua(x′,0),
∂Ua

∂z
= 0, σaz(x′,0) = −ϕEb

r2
b

4
∂3Ua

∂z3
,

Uz = uz(x′,0), σzz(x′,0) = ϕEb

∂Uz

∂z
,

at z = hb,
∂2Ua

∂z2
= ∂3Ua

∂z3
= 0,

∂Uz

∂z
= 0,

(42)

for a = x, y. The set of equations (41) and (42) correspond to the final model as announced
in (4) and (5).

4 Validation of the Effective Model

In this section, and following [1], we inspect the effectiveness of our model in a two-
dimensional setting. This means that we consider an array of plates infinite along y and
incident waves polarized in the (x, z) plane (Fig. 5). In this case, we have

J.-J. Marigo et al.

Fig. 8 Real part of the reflection coefficient RLL; same representation as in Fig. 7

Fig. 9 Variations of (|RTT|, |RLT|) against H for a moderate contrast, (45), and for a strong contrast (see main
text). Plain blue lines show the actual coefficients, dotted black lines those given by (50) and the dashed-dotted
green lines show the same when omitting flexural motion

when accounting for fL only (dashed-dotted green line). In particular, it is noticeable that
the reflexion coefficients do not follow the simple prediction |RTT| = 1, |RLT| = 0 obtained
when neglecting flexural motions (by setting fF = 0). For |fL| → +∞, (50) simplify to

RTT = cos θL − ifF cos(θL + θT)

cos θL − ifF cos(θL − θT)
, RLT = −2ifF sin θL cos θT

cos θL − ifF cos(θL − θT)
, (53)

Flexural/longitudinal resonances of beam arrays

Direct numerics 
Homogenized solution




